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Motivation

e Recent interest onnrankedrees, mostly due to XML applications.
e Logics tend to talk about paths + navigational properties.

e Clear similarities between:
e XML query languages (XPath, XQuery, ...).
e Temporallogics (LTL, CTL™, ..))

e We want to investigate these connections.
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Motivation

e Logics commonly used in XML applications: fragments of F@ an
MSO.

e Problem:Over stringsmodel checkingf FO and MSO is
non-elementary [Frick & Grohe, 02].

e Goal: Find logic £ such that over trees:
e L =FOorL =MSO.

e L has “good” model checking properties.
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Temporal Logics are Good Candidates

e Why?
e Overfull binary trees FO = CTL* [Hafer & Thomas, '87].
e Overinfinite binarytrees, MSO = L, [Niwinski, '88].

e Over trees (more generally, DAGs)odel checkingf L, is
O(||All - ||#]|?) [Mateescu, 02]. Furthermor€ TL* is translatable
into L,,.

e |dea: Extend characterizations to unranked trees.

e \We want to characterize whole FO and MSO, not only its
bisimulation-invarianfragment (XML applications).
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Unranked Trees

e A tree domainD is a prefix-closed finite subset df*, such that
s-1€D=s-5¢€D,forallj <.

e A treeoverX is D together with a labeling functiofy — 3. Theroot
IS €.

e Trees are represented OMefcn, <nus, (Pa)acs).
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Logical Definabllity

MSO = L for Boolean queries:
e V sentence» € MSO dJ¢’ € L such that

TkE¢ < [T,9F4¢"
e Vi) € L dsentence)’ € MSO such that

(T,e) Fy <~ TIZW-

e FO = L defined in the same way.
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Logical Definabllity

MSO = L for unary querie#:
e Vo(x) € MSO J¢’ € L such that

TE¢s) = (T,9)Ed.
e Vi € L I (x) € MSO such that

(Tos) v = ThEv(s).

e FO = L defined in the same way.
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u-Calculus

e LOgiC L, [<ch; <ns):

O = a,a€X label
X, X eVar variables
—Q negation
oV O disjunction
(<en) @ ¢ true in a child
(=ns) @ ¢ true in next sibling
uX.p(X) least fixed-point of operatat(X)

o In L, |<cn] there is no(<,s) constructor.
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MSO vs L,,: Boolean Queries

o L is extension off,, with past operatoré<.,) !¢ and(<ns) ' ¢.

e Theorem:For Boolean queries,

MSO['<cha '<ns] — Lzull['<ch7 '<ns] .

e \ery little pastrequired. In fact,
MSO[<chy <ns] — L,u[<fch7 <ns] )

wheres <., s’ If s’ is the first child ofs wrt <.
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MSO vs L,,: Boolean Queries

e \/ery good:A language as expressive as MSO, but compléexityaron
both size ofp and A.

e |t is to be studied IfL,, expresses natural XML properties in a simple
way.
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MSO vs L,,: Boolean Queries

e What aboutMSO[<,]?

e C, is L, extended with <., )" ¢, meaning there are at ledsthildren
where¢ holds.

e Theorem:[Walukiewicz, '02] For Boolean queries,

MSO[%Ch] = CLL [-<Ch].
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MSO vs L,: Unary Queries

e Unary queries in MSO?

e For MSO[<n, <ns] NoOthing to add:

Theorem:For unary queriesyISO[<ch, <ns] = LM [<ch, <ns)-

e For MSO|[<.,| we need something new:

Theorem:For unary querieMSO[<e] = Cu[<en] + (<en) "t
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CTL”

e CTL™ consists of:

State formulas:= a,a € ¥ | =¢p | ¢V | Evp
Path formulas:= ¢ | = | Y V¢ | Xgt | vUgy’

where® € {<ch, <ns}-

e State formulas are evaluated on elements, and path forrardas
evaluated o<, -paths or<s-paths.
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CTL”

e Semanticsgiven a<.y,- or <ys-pathm = (sq, s1, s2, .- . ):

o (T'm) =X 0, ifwis<-path and T, (s1,s2,...)) =¥
(equivalent forX . ).

. (T7 W) |: ¢U<ch¢/!

o (T,s) = Eu1, if for somer starting ins, (T, 7) = .
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FO vs CTL*: Boolean Queries

e CTL],, is the extension o€ TL* extended withX —1¢ (previoud and
Y S’ (since.

e Aversion of CTL [<cn U <ps] in which paths refer to the
union of relations<., and<,s. Hence, we havaniqueUntil and Since

operators.

: CTL?

past

e Theorem:For Boolean queries,

FO[<5,, <5 = CTLS

past[_<Ch7 _<HS] — CTL;ast['<Ch U '<HS] )

This is closely related to [Marx, '04].
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FO vs CTL*: Boolean Queries

e \/ery good (again)A language as expressive as FO, but complexity
polynomialon both size ofy) and A.

e In this case CTL* expresses in a very natural wagvigational
properties of XML documents.

Example:Formula
E (a’U'<Ch (b /\ F%nsc)> Y

expresses that there existd@scendarpath on which: holds until ¢
holds, and: holds in a younger sibling).
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FO vs CTL*: Boolean Queries

e And FO[%:h]?

e CTL} .. is CTL*[<.,] extended witHEX*), meaning there are

children wherey is true.

e Theorem:[Moller & Rabinovich, '99] Over Boolean gueries,

FO[<:h] — CTL:ount[<Ch]'
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FO vs CTL*: Unary Queries

e Unary queries i’'O?

e ForFO[<?*,, <&.] nothing to add:

Theorem:For unary queriesfO[<7%,, <i] = CTLS o [<chs <ns)-

e For FO|[<7%, ] we need something new:

Theorem:For unary queriesfO[<*.] = CTLY, . [<en] + X1 + S.
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Extensions: Order-invariant MSO

o (MSO[<cn|+ <)iny: S€NtENnce® € MSO|<.y, <] such that for any
<1, <2,

(T7<1) ':¢ — (T7<2) ':¢7

where<; and<, are linear orders.
o Fact: (MSO[=<ch]+ <)inv is more expressive thariSO[<].

e \We could also defineMSO[<ch]+ <uns)iny, DUt it has the same
expressive power thatMSO[< ]+ <)inv.
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Extensions: Order-invariant MSO

o C7°[<y] is O [<cn] extended with modulo counting.

e Trivial approach does not work: positive formulas not nsagsy
monotone

This can be fixed by using techniques in [Muscholl, Schwénteidl &
Habermehl, '04].

o Theorem:(MSO[<ch]+ <)inv = C°[<en).

Note on proof: By elementary characterization of tree awai@nhor
(MSO|[=<cn]|4+ <)inv- This gives us an elementary proof of:

Corollary: [Courcelle, '91](MSO[<ch]+ <)iny = CMSO[<eh]
(= MSO[<p] + modulo quantifiers.
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Extensions: Conjunctive Queries

¢ With temporal logics we can also characterize useful fragmef
logics.

e Consider théragmentof CTL], [<cn, <ns] Without negation, and
where we only allow:

e true U ¢ (at some point in the futujeand

e trueS ¢ (at some point in the pagst

Theorem:Over unary queries, this fragment is equivalent to

U CQ(<Ch7 <::(h7 =ns; -<ES)'
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Further Work

e Expressive power afFO[<%, |+ <% )inv ?

o Conjecture(FO[<% ]+ <is)inv = FO[=<7,].

e Extension of results ta-ary queries.

e Our proof methods based on composition are well-suited abwli¢h
them.
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