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Motivation

• Recent interest onunrankedtrees, mostly due to XML applications.

• Logics tend to talk about paths + navigational properties.

• Clear similarities between:

• XML query languages (XPath, XQuery, ...).

• Temporallogics (LTL, CTL?, ...)

• We want to investigate these connections.
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Motivation

• Logics commonly used in XML applications: fragments of FO and

MSO.

• Problem:Over strings,model checkingof FO and MSO is

non-elementary [Frick & Grohe, 02].

• Goal: Find logicL such that over trees:

• L = FO orL = MSO.

• L has “good” model checking properties.
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Temporal Logics are Good Candidates

• Why?

• Overfull binary trees,FO = CTL? [Hafer & Thomas, ’87].

• Overinfinite binarytrees,MSO = Lµ [Niwinski, ’88].

• Over trees (more generally, DAGs),model checkingof Lµ is

O(||A|| · ||φ||2) [Mateescu, 02]. Furthermore,CTL? is translatable

intoLµ.

• Idea:Extend characterizations to unranked trees.

• We want to characterize whole FO and MSO, not only its

bisimulation-invariantfragment (XML applications).
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Unranked Trees

• A tree domainD is a prefix-closed finite subset ofN
?, such that

s · i ∈ D ⇒ s · j ∈ D, for all j < i.

• A treeoverΣ isD together with a labeling functionD 7→ Σ. Theroot

is ε.

• Trees are represented over(≺ch,≺ns, (Pa)a∈Σ).

≺ns
≺
?
ns

Pa

ε

. . .

. . .

≺
?
ch≺ch
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Logical Definability

MSO = L for Boolean queriesif:

• ∀ sentenceφ ∈ MSO ∃φ′ ∈ L such that

T |= φ ⇐⇒ (T, ε) |= φ′ .

• ∀ψ ∈ L ∃ sentenceψ′ ∈ MSO such that

(T, ε) |= ψ ⇐⇒ T |= ψ′ .

• FO = L defined in the same way.
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Logical Definability

MSO = L for unary queriesif:

• ∀φ(x) ∈ MSO ∃φ′ ∈ L such that

T |= φ(s) ⇐⇒ (T, s) |= φ′ .

• ∀ψ ∈ L ∃ψ′(x) ∈ MSO such that

(T, s) |= ψ ⇐⇒ T |= ψ′(s) .

• FO = L defined in the same way.
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µ-Calculus

• LogicLµ[≺ch,≺ns]:

φ := a, a ∈ Σ label

X, X ∈ V ar variables

¬φ negation

φ ∨ φ disjunction

〈≺ch〉φ φ true in a child

〈≺ns〉φ φ true in next sibling

µX.φ(X) least fixed-point of operatorφ(X)

• In Lµ[≺ch] there is no〈≺ns〉 constructor.
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MSO vsLµ: Boolean Queries

• Lfull
µ is extension ofLµ with past operators〈≺ch〉

−1φ and〈≺ns〉
−1φ.

• Theorem:For Boolean queries,

MSO[≺ch,≺ns] = Lfull
µ [≺ch,≺ns] .

• Very little pastrequired. In fact,

MSO[≺ch,≺ns] = Lµ[≺fch,≺ns] ,

wheres ≺fch s
′ if s′ is the first child ofs wrt ≺ns.
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MSO vsLµ: Boolean Queries

• Very good:A language as expressive as MSO, but complexitylinearon

both size ofφ andA.

• It is to be studied ifLµ expresses natural XML properties in a simple

way.
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MSO vsLµ: Boolean Queries

• What aboutMSO[≺ch]?

• Cµ isLµ extended with〈≺ch〉
kφ, meaning there are at leastk children

whereφ holds.

• Theorem:[Walukiewicz, ’02] For Boolean queries,

MSO[≺ch] = Cµ[≺ch].
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MSO vsLµ: Unary Queries

• Unary queries in MSO?

• ForMSO[≺ch,≺ns] nothing to add:

Theorem:For unary queries,MSO[≺ch,≺ns] = Lfull
µ [≺ch,≺ns].

• ForMSO[≺ch] we need something new:

Theorem:For unary queries,MSO[≺ch] = Cµ[≺ch] + 〈≺ch〉
−1φ.
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CTL
?

• CTL? consists of:

State formulas:= a, a ∈ Σ | ¬φ | φ ∨ φ | Eψ

Path formulas:= φ | ¬ψ | ψ ∨ ψ | X⊗ψ | ψU⊗ψ
′

where⊗ ∈ {≺ch,≺ns}.

• State formulas are evaluated on elements, and path formulasare

evaluated on≺ch-paths or≺ns-paths.
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CTL
?

• Semantics:given a≺ch- or≺ns-pathπ = (s0, s1, s2, . . . ):

• (T, π) |= X≺ch
ψ, if π is ≺ch-path and(T, (s1, s2, . . . )) |= ψ

(equivalent forX≺ns
).

• (T, π) |= ψU≺ch
ψ′,

. . .

ψ′

ψ

ψ

ψ

ψ

• (T, s) |= Eψ, if for someπ starting ins, (T, π) |= ψ.
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FO vsCTL
?: Boolean Queries

• CTL?
past is the extension ofCTL? extended withX−1ψ (previous) and

ψ Sψ′ (since).

• A version ofCTL?
past: CTL?

past[≺ch ∪ ≺ns] in which paths refer to the

union of relations≺ch and≺ns. Hence, we haveuniqueUntil andSince

operators.

• Theorem:For Boolean queries,

FO[≺?
ch,≺

?
ns] = CTL?

past[≺ch,≺ns] = CTL?
past[≺ch ∪ ≺ns] .

This is closely related to [Marx, ’04].
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FO vsCTL
?: Boolean Queries

• Very good (again):A language as expressive as FO, but complexity

polynomialon both size ofφ andA.

• In this case:CTL? expresses in a very natural waynavigational

properties of XML documents.

Example:Formula

E
(

aU≺ch
( b ∧ F≺ns

c )
)

,

expresses that there exists adescendantpath on whicha holds until (b

holds, andc holds in a younger sibling).
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FO vsCTL
?: Boolean Queries

• And FO[≺?
ch]?

• CTL?
count is CTL?[≺ch] extended withEX

kψ, meaning there arek

children whereφ is true.

• Theorem:[Moller & Rabinovich, ’99] Over Boolean queries,

FO[≺?
ch] = CTL?

count[≺ch].
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FO vsCTL
?: Unary Queries

• Unary queries inFO?

• ForFO[≺?
ch,≺

?
ns] nothing to add:

Theorem:For unary queries,FO[≺?
ch,≺

?
ns] = CTL?

past[≺ch,≺ns].

• ForFO[≺?
ch] we need something new:

Theorem:For unary queries,FO[≺?
ch] = CTL?

count[≺ch] + X
−1 + S.
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Extensions: Order-invariant MSO

• (MSO[≺ch]+ <)inv: sentencesφ ∈ MSO[≺ch, <] such that for any

<1, <2,

(T,<1) |= φ ⇐⇒ (T,<2) |= φ ,

where<1 and<2 are linear orders.

• Fact:(MSO[≺ch]+ <)inv is more expressive thanMSO[≺ch].

• We could also define(MSO[≺ch]+ ≺ns)inv, but it has the same

expressive power than(MSO[≺ch]+ <)inv.
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Extensions: Order-invariant MSO

• Cmod
µ [≺ch] isCµ[≺ch] extended with modulo counting.

• Trivial approach does not work: positive formulas not necessarily

monotone.

This can be fixed by using techniques in [Muscholl, Schwentick, Seidl &

Habermehl, ’04].

• Theorem:(MSO[≺ch]+ <)inv = Cmod
µ [≺ch].

Note on proof: By elementary characterization of tree automata for

(MSO[≺ch]+ <)inv. This gives us an elementary proof of:

Corollary: [Courcelle, ’91](MSO[≺ch]+ <)inv = CMSO[≺ch]

(= MSO[≺ch] + modulo quantifiers) .
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Extensions: Conjunctive Queries

• With temporal logics we can also characterize useful fragments of

logics.

• Consider thefragmentof CTL?
past[≺ch,≺ns] without negation, and

where we only allow:

• trueUφ (at some point in the future), and

• trueSφ (at some point in the past).

Theorem:Over unary queries, this fragment is equivalent to
⋃

CQ(≺ch,≺
?
ch,≺ns,≺

?
ns).
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Further Work

• Expressive power of(FO[≺?
ch]+ ≺?

ns)inv ?

• Conjecture:(FO[≺?
ch]+ ≺?

ns)inv = FO[≺?
ch].

• Extension of results ton-ary queries.

• Our proof methods based on composition are well-suited to deal with

them.
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